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HOMOLOGY OF GLn OVER ALGEBRAICALLY CLOSED
FIELDS
B. MIRZAII
Abstract. In this paper we define higher pre-Bloch groups pn(F ) of
a field F . When our base field is algebraically closed we study its
connection to the homology of the general linear groups with finite
coefficient Z/lZ where l is a positive integer. As a result of our in-
vestigation we give a necessary and sufficient condition for the map
Hn(GLn−1(F ),Z/lZ) → Hn(GLn(F ),Z/lZ) to be bijective. We prove
that this map is bijective for n ≤ 4. We also demonstrate that the di-
visibility of pn(C) is equivalent to the validity of the Friedlander-Milnor
Isomorphism Conjecture for (n+ 1)-th homology of GLn(C).
Introduction
A theorem of Bloch and Wigner, unpublished and in a somewhat different
form, asserts the existence of the following exact sequence
0→ Q/Z→ H3(SL2(C),Z)→ p(C)→
∧
2
Z
C∗ → K2(C)→ 0.
A similar exact sequence can be obtained for any algebraically closed field.
We refer the reader to [3, Appendix A] for a proof of the above exact sequence
and for a precise description of the groups and the maps involved (see also
[12, 2.12, 2.14]).
The group p(C) is called pre-Bloch group and it has been the source of
many interesting ideas and connections. The pre-Bloch group p(F ) plays
a very important role in the study of scissors congruences of polyhedra in
connection with Hilbert’s third problem [2],[12], it is related very closely to
the third K-group K3(F ) which was the main driving force behind Suslin’s
solution of the Quillen-Lichtenbaum Conjecture [17], and it is used in estab-
lishing certain cases of the Friedlander-Milnor Isomorphism Conjecture [7]
for certain lower homology groups [2], and so on.
Thus it is natural to ask whether there is a general notion of higher pre-
Bloch groups, and if so, if it carries useful information. In [5, Section 4.4]
Loday defines a higher version of the pre-Bloch group, which we denote by
pn(F ), such that p(F ) = p2(F ), and predicts that it should have a close
relation with the homology of general linear groups. We call pn(F ) the n-th
pre-Bloch group of the field F .
Although the definition of pn(F ) is easy, which is in terms of generators
and relations, it is difficult to study it directly. In this article we explore its
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connection with the homology of the general linear groups. As we will see
this connection is very close. Here is our main result.
Theorem 3.4. Let F be an algebraically closed field and let l be a positive
integer. The following conditions are equivalent
(i) Hm(GLn−1,Z/lZ)→Hm(GLn,Z/lZ) is injective for m = n and is sur-
jective for m = n+ 1,
(ii) pn(F )⊗ Z/lZ =
{
Z/lZ if n is odd
0 if n is even.
It is known by a theorem of Dupont and Sah that for an algebraically
closed field F , p2(F ) is divisible [3]. The above theorem suggests that a
general version of this fact might be true.
Conjecture 3.5. Let F be an algebraically closed field and let l be a positive
integer. Then
pn(F )⊗ Z/lZ =
{
Z/lZ if n is odd
0 if n is even.
From the result of Dupont and Sah the conjecture is true for n=2 [3]. In
this article we prove it for n = 3, 4 and also for all n over the algebraic closure
of finite fields. For the latter we use a result of Friedlander concerning the
homology of general linear groups over algebraic closure of a finite field.
Here is a strong support for our conjecture.
Proposition 3.11. Let l be a positive integer. The following conditions are
equivalent
(i) pn(C)⊗ Z/lZ =
{
Z/lZ if n is odd
0 if n is even
for all n,
(ii) Hn(GLn−1(C),Z/lZ)
∼
−→ Hn(GLn(C),Z/lZ) for all n,
(iii) Hn(BGLn−1(C),Z/lZ)
∼
−→ Hn(BGLn−1(C)
top,Z/lZ) for all n.
Here BGLn−1(C)
top is the classifying space of GLn−1(C) with it usual topol-
ogy and BGLn−1(C) is the classifying space of GLn−1(C) with GLn−1(C)
as a discrete group. The condition (iii) is a special case of the Friedlander-
Milnor Conjecture on the homology of Lie groups with finite coefficients (see
3.10).
We briefly outline the organization of the present paper.
In Section 1 we introduce a spectral sequence which will be our main tool
in handling the homology of general linear groups. In this section we will
prove an important lemma, which is used in the proof of Theorem 3.4.
In Section 2 we define the higher pre-Bloch groups pn(F ) and give some
of its properties. In defining these groups we follow Suslin’s approach for the
definition of p(F ) in [17]. Here we also give some satisfactory description of
p3(F ) and p4(F ).
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In Section 3 we prove Theorem 3.4 and Proposition 3.11. Here we also
prove that Conjecture 3.5 is true for algebraic closure of a finite field.
In Section 4 we show that condition (i) or (ii) of Theorem 3.4 is satisfied
for n ≤ 4. Here we also establish a new case of the Friedlander-Milnor
conjecture for the fourth homology of GL3(C) and SL3(C).
In Section 5 some of these ideas are generalized.
Notation. Here we establish some notations that is used throughout the
paper. In this paper by Hi(G) of a group G we mean the integral homology
group Hi(G,Z). By GLn we mean the general linear group GLn(F ), where
F is an infinite field. By k we mean Z or a prime field and by Z/l we mean
Z/lZ, where l is a positive integer. If A→ A′ is a homomorphism of abelian
groups, by A′/A we mean coker(A→ A′).
1. The spectral sequences
Let Ch(F
n) be the free k-module with a basis consisting of (〈v0〉, . . . , 〈vh〉),
where the vectors v0, . . . , vh ∈ F
n are in general positions, that is every
min{h + 1, n} of them is linear independent. By 〈vi〉 we mean the line
passing through vectors vi and 0. Let ∂0 : C0(F
n) → C−1(F
n) := k,∑
i ni(〈vi〉) 7→
∑
i ni and ∂h =
∑h
i=0(−1)
idi : Ch(F
n) → Ch−1(F
n), h ≥ 1,
where di((〈v0〉, . . . , 〈vh〉)) = (〈v0〉, . . . , 〈̂vi〉, . . . , 〈vh〉). It is easy to see that
the complex
(1) 0← k ← C0(F
n)
∂1← · · ·
∂n−1
← Cn−1(F
n)
∂n← Cn(F
n)← · · ·
is exact. Consider the following exact sequence
(2) 0← k ← C0(F
n)
∂1← · · ·
∂n−1
← Cn−1(F
n)← Hn−1(Xn, k)← 0,
where Hn−1(Xn, k) := ker(∂n−1). We consider Ci(F
n) as left GLn-module
in a natural way. If it is necessary we convert this action to the right action
by the definition m.g := g−1m for g ∈ GLn and m ∈ Ci(F
n).
Remark 1.1. Let U(Pn−1) be the simplicial set whose for 0 ≤ h ≤ n−1 non-
degenerate h-simplices are of the form (〈v0〉, . . . , 〈vh〉) as in the above and
whose face operators are given by di. Let Xn be the geometric realization
of U(Pn−1). It is well-known that the complex
0← C0(F
n)
∂1← · · ·
∂n−1
← Cn−1(F
n)← 0
computes the homology of Xn with coefficient in k. Hence H0(Xn, k) = k,
Hi(Xn, k) = 0 if i 6= 0, n− 1 and Hn−1(Xn, k) = ker(∂n−1).
The exact sequence (2) induces a first quadrant spectral sequence con-
verging to zero with
E1p,q(n) =

Hq(F
∗p ×GLn−p, k) if 0 ≤ p ≤ n
Hq(GLn,Hn−1(Xn, k)) if p = n+ 1
0 if p ≥ n+ 2.
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For 1 ≤ p ≤ n, and q ≥ 0 the differential d1p,q(n) equals
∑p
i=1(−1)
i+1Hq(αi,p)
where αi,p : F
∗p ×GLn−p → F
∗p−1 ×GLn−p+1,
(a1, . . . , ap, A) 7→ (a1, . . . , âi, . . . , ap,
(
ai 0
0 A
)
)
(see the proof of [9, Thm. 3.5] for details). In particular for 0 ≤ p ≤ n,
d1p,0(n) =
{
idk if p is odd
0 if p is even,
so E2p,0(n) = 0 for p 6= n, n + 1. In fact this is also true for p = n, n + 1.
Applying the right exact functor H0 to the exact sequence
Cn+1(F
n)→ Cn(F
n)→ Hn−1(Xn, k)→ 0
we get the exact sequence
H0(GLn, Cn+1(F
n))→ H0(GLn, Cn(F
n))→ H0(GLn,Hn−1(Xn, k))→ 0.
The group GLn acts transitively on the basis (〈v0〉, . . . , 〈vn〉) of Cn(F
n) so
H0(GLn, Cn(F
n)) = k. From this we obtain
(3) H0(GLn,Hn−1(Xn, k)) =
{
0 if n is odd
k if n is even.
Consider Fn−2 as a vector subspace of Fn generated by e3, e4, . . . , en
(so GLn−2 embeds in GLn as diag(1, 1,GLn−2)). Let L
′
∗ and L∗ be the
complexes
0← 0← 0 ← k ← C0(F
n−2)← · · · ← Hn−3(Xn−2, k)← 0
0← k ← C0(F
n)← C1(F
n)← C2(F
n)← · · · ← Hn−1(Xn, k)← 0
respectively, that is L′0 = 0, L
′
1 = 0, L
′
2 = k, L
′
i+3 = Ci(F
n−2) for i =
0, . . . , n − 3, L′n+1 = Hn−3(Xn−2, k) and L
′
i = 0 for i ≥ n + 2, L0 = k,
Li+1 = Ci(F
n) for i = 0, . . . , n − 1, Ln+1 = Hn−1(Xn, k) and Li = 0 for
i ≥ n+ 2. Define the map of complexes L′∗
θ∗→ L∗, given by
(〈v1〉, . . . , 〈vj〉)
θj
7→ (〈e1〉, 〈e2〉, 〈v1〉, . . . , 〈vj〉)− (〈e1〉, 〈e1 + e2〉, 〈v1〉, . . . , 〈vj〉)
+(〈e2〉, 〈e1 + e2〉, 〈v1〉, . . . , 〈vj〉).
This induces a map of bicomplexes
L′∗ ⊗GLn−2 F
′
∗ → L∗ ⊗GLn F∗ → L∗ ⊗GLn F∗/L
′
∗ ⊗GLn−2 F
′
∗,
where F∗ : · · · → F2
δ2→ F1
δ1→ F0 → 0 is a free left GLn-resolution of k and
F ′∗ is F∗ as GLn−2-resolution. Thus one gets the map of spectral sequences
E′
r
p,q(n)→ E
r
p,q(n)→ E
′′r
p,q(n),
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where all the three spectral sequences converge to zero. By a similar ap-
proach as in the proof of [9, Thm. 3.5], one sees that the spectral sequence
E′1p,q(n) is of the form
E′
1
p,q(n) =
{
E1p−2,q(n− 2) if p ≥ 2
0 if p = 0, 1.
It is not difficult to see that for 2 ≤ p ≤ n and q ≥ 0 the map E′1p,q(n)→
E1p,q(n) is the map Hq(inc) induced by inc : F
∗p−2×GLn−p → F
∗p×GLn−p
with A 7→ (1, 1, A) and by a little work one sees that
E′′
1
p,q(n) = E
1
p,q(n)/E
′1
p,q(n)
for 0 ≤ p ≤ n (see [9, Section 4]).
From the exact sequence of complexes
0→ L′p ⊗GLn−2 F
′
∗ → Lp ⊗GLn F∗ → Lp ⊗GLn F∗/Lp ⊗GLn−2 F
′
∗ → 0
we obtain the long exact sequence
(4) · · · → E′
1
p,q(n)→ E
1
p,q(n)→ E
′′1
p,q(n)→ E
′1
p,q−1(n)
→ · · · → E′
1
p,0(n)→ E
1
p,0(n)→ E
′′1
p,0(n)→ 0.
This exact sequence is studied in the above if 0 ≤ p ≤ n, q ≥ 0 and p =
n+ 1, q = 0. We will come back to it later.
Here is an important lemma which is used in the proof of Theorem 3.4.
Lemma 1.2. E2n,i(n) = 0 for all i. In particular E
′2
n,i(n) = E
′′2
n,i(n) = 0.
Proof. Consider the following commutative diagram with exact columns
0 0 0y y y
Hn−1(Xn, k) ⊗GLn Fi+1→Hn−1(Xn, k)⊗GLn Fi→Hn−1(Xn, k)⊗GLn Fi−1y y y
Cn−1(F
n)⊗GLn Fi+1 → Cn−1(F
n)⊗GLn Fi → Cn−1(F
n)⊗GLn Fi−1y y y
Cn−2(F
n)⊗GLn Fi+1 → Cn−2(F
n)⊗GLn Fi → Cn−2(F
n)⊗GLn Fi−1.
Set σj = (〈e1〉, . . . , 〈ej+1〉) for 0 ≤ j ≤ n−1. Let σn−1⊗x ∈ Cn−1(F
n)⊗GLn
Fi represent an element of the group Hi(GLn, Cn−1(F
n)) ≃ Hi(F
∗n, k) such
that d1n,i(σn−1 ⊗ x) = 0. Then
(∂n−1 ⊗ idFi)(σn−1 ⊗ x) = ∂n−1(σn−1)⊗ x ∈ im(idCn−2 ⊗ δi+1).
Let σn−2 ⊗ δi+1(y) = ∂n−1(σn−1)⊗ x. It is easy to see that
σn−2 ⊗ δi+1(y) = σn−2 ⊗ (
n−1∑
i=0
(−1)igix),
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where gi ∈ GLn is the permutation matrix such that
g−1i (e1, . . . , êi+1, . . . , en, ei+1) = (e1, . . . , en).
The inclusions F ∗n ⊆ StabGLn(σn−2) ⊆ GLn induce the commutative dia-
gram
k ⊗F ∗n Fi+1 −→ k ⊗StabGLn (σn−2) Fi+1
∼
−→ Cn−2(F
n)⊗GLn Fi+1y y y
k ⊗F ∗n Fi −→ k ⊗StabGLn (σn−2) Fi
∼
−→ Cn−2(F
n)⊗GLn Fiy y y
k ⊗F ∗n Fi−1 −→ k ⊗StabGLn (σn−2) Fi−1
∼
−→ Cn−2(F
n)⊗GLn Fi−1.
Since Hi(F
∗n, k) ≃ Hi(StabGLn(σn−2), k), there is a y
′ ∈ Fi+1 such that
1⊗ δi+1(y
′) = 1⊗ (
n−1∑
i=0
(−1)igix) ∈ k ⊗F ∗n Fi.
Let σn = (〈e1〉, . . . , 〈en〉, 〈e1 + · · · + en〉). Clearly ∂n(σn) ∈ Hn−1(Xn, k). If
z = ∂n(σn)⊗ x, then
(j ⊗ idFi)(z) = (−1)
nσn−1 ⊗ x+ σ˜n−1 ⊗ (
n−1∑
i=0
(−1)igix)
= (−1)nσn−1 ⊗ x+ σn−1 ⊗ (
n−1∑
i=0
(−1)iggix),
where j : Hn−1(Xn, k) →֒ Cn−1(F
n), σ˜n−1 = (〈e1〉, . . . , 〈en−1〉, 〈e1+· · ·+en〉)
and g ∈ StabGLn(σn−2) with g
−1σ˜n−1 = σn−1. Since 1 ⊗ gix = 1 ⊗ ggix in
k ⊗StabGLn (σn−2) Fi, there exist y
′′ ∈ Fi+1 such that
1⊗
n−1∑
i=0
(−1)iggix = 1⊗
n−1∑
i=0
(−1)igix+ 1⊗ δi+1(y
′′) ∈ k ⊗F ∗n Fi.
Now in Cn−1(F
n)⊗GLn Fi we have
(j ⊗ idFi)(z) = (−1)
nσn−1 ⊗ x+ σn−1 ⊗
n−1∑
i=0
(−1)iggix
= (−1)nσn−1 ⊗ x+ σn−1 ⊗
n−1∑
i=0
(−1)igix+ σn−1 ⊗ δi+1(y
′′)
= (−1)nσn−1 ⊗ x+ σn−1 ⊗ δi+1(y
′ + y′′).
This completes the proof of the triviality of E2n,i(n). The triviality of E
′2
n,i(n)
follows immediately from this, because E′2n,i(n) = E
2
n−2,i(n − 2). The triv-
iality of E′′2n,i(n) follows from these and applying the Snake lemma to the
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following commutative diagram with exact rows
E′1n+1,i(n) → E
1
n+1,i(n) → E
′′1
n+1,i(n) → 0y y y
0 → ker(d′1n,i(n)) → ker(d
1
n,i(n)) → ker(d
′′1
n,i(n)) → 0.

2. Higher pre-Bloch groups
In this section we define the higher pre-Bloch groups pn(F ) and investigate
some of its properties.
Definition 2.1. Set t
(k)
n (F ) := H1(GLn,Hn−1(Xn, k)). We denote t
(Z)
n (F )
by tn(F ). By convention t
(k)
n (F ) = 0 for n = 0, 1.
From the short exact sequence
0→ ∂n+1(Cn+1(F
n))
α
→ Cn(F
n)
β
→ Hn−1(Xn,Z)→ 0
one obtains the long exact sequence
· · · → H1(GLn, ∂n+1(Cn+1(F
n)))
H1(α)
−→ H1(GLn, Cn(F
n))
H1(β)
−→ tn(F )→ H0(GLn, ∂n+1(Cn+1(F
n)))→ · · · .
If n is even, the composition
F ∗ = H1(GLn, Cn(F
n))
H1(β)
→ tn(F )
H1(j)
−→ H1(GLn, Cn−1(F
n)) = F ∗n
is given by H1(j) ◦H1(β)(a) = (a, . . . , a) ∈ F
∗n, where j : Hn−1(Xn, k) →֒
Cn−1(F
n). Thus H1(β) is injective. If n is odd, the composition
H1(GLn, Cn+1(F
n))→H1(GLn, ∂n+1(Cn+1(F
n)))
H1(α)
−→ H1(GLn, Cn(F
n))
is surjective and so H1(α) is surjective. Now from the above long exact
sequence one gets the following exact sequences
0→ F ∗ → tn(F )→ H0(GLn, ∂n+1(Cn+1(F
n)))→ 0, if n is even,
0→ tn(F )→ H0(GLn, ∂n+1(Cn+1(F
n)))→ Z→ 0, if n is odd.
To study H0(GLn, ∂n+1(Cn+1(F
n))) apply the functor H0 to
Cn+2(F
n)→ Cn+1(F
n)→ ∂n+1(Cn+1(F
n))→ 0.
Thus we get the exact sequence
(Cn+2(F
n))GLn → (Cn+1(F
n))GLn → H0(GLn, ∂n+1(Cn+1(F
n)))→ 0.
Let En =
∑n
i=1 ei ∈ F
∗n, a =
∑n
i=1 aiei ∈ F
∗n, where ai ∈ F
∗ − {1} and
ai 6= aj if i 6= j. Denote the orbit of the frame (〈e1〉, . . . , 〈en〉, 〈En〉, 〈a〉) ∈
Cn+1(F
n) by p(a) and orbit of the frame (〈e1〉, . . . , 〈en〉, 〈En〉, 〈a〉, 〈b〉) ∈
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Cn+2(F
n) by p(a, b), where b =
∑n
i=1 biei ∈ F
∗n, bi ∈ F
∗ − {1}, bi 6= bj if
i 6= j and ai 6= bj for all i, j. We see that
(Cn+1(F
n))GLn =
∐
a
Z.p(a), (Cn+2(F
n))GLn =
∐
a,b
Z.p(a, b).
A direct computation shows that
∂n+2(p(a, b)) =
n∑
i=1
(−1)i+1p((
b1 − bi
a1 − ai
, . . . ,
b̂i − bi
ai − ai
, . . . ,
bn − bi
an − ai
,
bi
ai
))
+(−1)np((
b1
a1
, . . . ,
bn
an
))− (−1)np(a) + (−1)np(b).
Therefore H0(GLn, ∂n+1(Cn+1(F
n))) is generated by [a1; . . . ; an] ∈ P
n−1,
ai ∈ F
∗ − {1}, ai 6= aj if i 6= j, and relations
[b1; . . . ; bn]− [a1; . . . ; an] + [
b1
a1
; . . . ;
bn
an
]
−
n∑
i=1
(−1)i+n[
b1 − bi
a1 − ai
; . . . ;
b̂i − bi
ai − ai
; . . . ;
bn − bi
an − ai
;
bi
ai
] = 0,
where bi are as above. If in the above we replace ai/an and bi/bn with ai
and bi respectively, one sees that the group H0(GLn, ∂n+1(Cn+1(F
n))) is
generated by the symbols [a1, . . . , an−1], ai ∈ F
∗ − {1}, ai 6= aj if i 6= j and
relations
[b1, . . . , bn−1]− [a1, . . . , an−1] + [
b1
a1
, . . . ,
bn−1
an−1
]− [
b1 − 1
a1 − 1
, . . . ,
bn−1 − 1
an−1 − 1
]
−
n−1∑
i=1
(−1)i+n[
b1b
−1
i − 1
a1a
−1
i − 1
, . . . ,
̂bib
−1
i − 1
aia
−1
i − 1
, . . . ,
bn−1b
−1
i − 1
an−1a
−1
i − 1
,
b−1i − 1
a−1i − 1
] = 0,
where bi ∈ F
∗ − {1}, bi 6= bj if i 6= j and ai 6= bj for all i, j. When n = 2
this is the definition of p(F ).
Thus one can think of H0(GLn, ∂n+1(Cn+1(F
n))) as a natural generaliza-
tion of p(F ) for n ≥ 3. So we allow ourself to make the following definition.
Definition 2.2. The group H0(GLn, ∂n+1(Cn+1(F
n))) is called the n-th
pre-Bloch group of F and we denote it by pn(F ).
From the above we have the following exact sequences
(5) 0→ F ∗ → tn(F )→ pn(F )→ 0, if n is even,
(6) 0→ tn(F )→ pn(F )→ Z→ 0, if n is odd.
Remark 2.3. In [18, 2.7] Yagunov defines another version of higher pre-
Bloch groups, denoted by ℘n(F ). He also defines the classical pre-Bloch
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group ℘n(F )cl. Our definition of the pre-Bloch group is very close to his
definition of the classical pre-Bloch group. In fact
℘n(F )cl =
{
ker(pn(F )→ Z) if n is odd
pn(F ) if n is even.
See [18, 3.11] for the relation between ℘n(F )cl and ℘
n(F ).
Since E1n+1,1(n) = tn(F ) for k = Z, from the exact sequence (4) we have
the following exact sequence
(7) tn−2(F )→ tn(F )→ E
′′1
n+1,1(n)→ 0.
An easy calculation shows that ker(d1n,1(n)) ⊆ F
∗n is generated by elements
of the form
A =
{
(a1, a1, . . . , aj , aj) if n = 2j
(a1, 1, . . . , aj , 1,
∏j
i=1 a
−1
i ) if n = 2j + 1.
This proves that ker(d1n,1(n)) ≃ F
∗⌊n/2⌋. So we have a surjective map
tn(F ) → F
∗⌊n/2⌋. Using (7) we obtain a surjective map E′′1n+1,1(n) → F
∗.
It is not difficult to see that the composition tn(F ) → E
′′1
n+1,1(n) → F
∗
splits the exact sequence (5) for n even. So we have proved the following
lemma.
Lemma 2.4. Let n ≥ 2. tn(F ) ≃ F
∗ ⊕ pn(F ) if n is even and pn(F ) ≃
Z⊕ tn(F ) if n is odd.
In the following lemma we give some satisfactory description of the group
tn(F ), n = 3, 4, for arbitrary infinite field F . This also gives a better
description of pn(F ) for n = 3, 4.
Lemma 2.5. Let F be an infinite field. Then
(i) t2(F ) ≃ F
∗ ⊕ p2(F ),
(ii) t3(F ) ≃ F
∗, therefore p3(F ) ≃ F
∗ ⊕ Z,
(iii) t4(F ) ≃ F
∗ ⊕ p4(F ) and there is an exact sequence
t2(F )→ t4(F )→ F
∗ → 1.
Proof. (i) This part has already been proven in Lemma 2.4.
(ii) By Lemma 1.2 and [10, Cor. 3.5] the E2p,q(3)-terms are of the following
form
∗ ∗
0 0 ∗ ∗ ∗
0 0 0 0 ∗ 0
0 0 0 0 E24,1(3) 0
0 0 0 0 0 0 · · · .
By a similar arguments as in the proof of [10, Lemma 3.6] we have E30,4(3) =
0. Since the spectral sequence converges to zero, E24,1(3) = E
∞
4,1(3) = 0.
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Therefore t3(F ) ≃ F
∗.
(iii) For n = 4 we look at the spectral sequence E′′2p,q(4). By Lemma 1.2
and [11, Thm. 5.5] the E′′2p,q(4)-terms are of the following form
∗ ∗
0 0 ∗ ∗ 0
0 0 ∗ ∗ 0 ∗
0 0 0 0 0 ∗ 0
0 0 0 0 0 E′′25,1(4) 0
0 0 0 0 0 0 0 · · · .
With a similar argument to the case n = 3, using the results of [11] one
can show that E′′30,5(4) = 0 (see the proof of [10, Lemma 3.6]). With a
little bit work one can prove that E′′22,3 = 0 (see [10] or [11] to get an idea
how one can do that). An easy analysis of the spectral sequence shows that
E′′25,1(4) = E
′′∞
5,1(4) = 0. The exact sequence follows from this and the exact
sequence (7). 
3. Homology of GLn with finite coefficient
In this section we show that over an algebraically closed field F the pre-
Bloch group pn(F ) is closely related to the homology of GLn with finite
coefficient.
Lemma 3.1. Let F be an infinite field, k a prime field and assume that
n ≥ 3, j ≥ 0 be integers such that n+ 1 ≥ j. Let Hq(inc) : Hq(GLn−2, k)→
Hq(GLn−1, k) be surjective for 0 ≤ q ≤ j− 1. Then the following conditions
are equivalent;
(i) Hj(inc) : Hj(GLn−1, k)→ Hj(GLn, k) is surjective,
(ii) Hj(inc) : Hj(F
∗ ×GLn−1, k)→ Hj(GLn, k) is surjective.
Proof. See [9, Lem. 4.1]. 
Lemma 3.2. Let F be an infinite field, k a prime field and assume that
n ≥ 3, j ≥ 0 be integers such that n ≥ j. Let Hq(inc) : Hq(GLm−1, k) →
Hq(GLm, k) be isomorphism for m = n, n−1 and 0 ≤ q ≤ min{j−1,m−2}.
Then the following conditions are equivalent;
(i) Hj(inc) : Hj(GLn−1, k)→ Hj(GLn, k) is bijective,
(ii) Hj(F
∗2×GLn−2, k)
τ2→ Hj(F
∗×GLn−1, k)
τ1→ Hj(GLn, k)→ 0 is exact,
where τ1 = Hj(inc) and τ2 = Hj(α)−Hj(inc), α : (a, b,A) 7→ (b,diag(a,A)).
Proof. See [9, Lem. 4.2]. 
Proposition 3.3 (Stability). Let F be an algebraically closed field. Then
Hm(GLn−1,Z/l)→Hm(GLn,Z/l) is surjective if m ≤ n and is injective if
m ≤ n− 1.
Proof. These results are already known and immediately follow from Suslin’s
homological stability theorem [16, Thm. 3.4]. But for this special case we
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give a proof that is much easier than Suslin’s proof. Here we may assume
that l is a prime. The proof is by induction on n. If n = 1 then everything
is obvious. Assume the induction hypothesis, that is Hm(GLj−1,Z/l) →
Hm(GLj ,Z/l) is surjective if m ≤ j and is bijective if m ≤ j − 1, where
1 ≤ j ≤ n − 1. Consider the spectral sequence E′′2p,q(n) with k = Z/l. It
is sufficient to prove that E′′2p,q(n) = 0 if p + q ≤ n + 1, 0 ≤ q ≤ n − 2 and
E′′22,n−1(n) = 0. Because then we obtain E
′′2
0,m(n) = 0 for 0 ≤ m ≤ n and
E′′21,m(n) = 0 for 0 ≤ m ≤ n−1 and by applying Lemmas 3.1 and 3.2 we get
the desired results. The proof is analogue (and even easier) than the proof
of [9, Thm. 4.3]. So we refer the reader to the proof of that theorem. Note
that here one must use the fact that H2i+1(F
∗,Z/l) = 0 for i ≥ 0, since F ∗
is a divisible group [2, Prop. 4.7]. 
Theorem 3.4. Let F be algebraically closed. The following conditions are
equivalent
(i) Hm(GLn−1,Z/l)→Hm(GLn,Z/l) is injective for m = n and is surjec-
tive for m = n+ 1,
(ii) pn(F )⊗ Z/l =
{
Z/l if n is odd
0 if n is even.
Proof. We may assume that l is a prime. Again we look at the spectral
sequence E′′1p,q(n) with k = Z/l. By Lemma 1.2, E
′′2
n,2(n) = 0. By Proposi-
tion 3.3 and a similar argument as the proof of [9, Thm. 4.3] one can show
that E′′2p,q(n) = 0 for p + q = n + 2, where 3 ≤ q ≤ n. Since the spec-
tral sequence converges to zero one sees that E′′2n+1,1(n) = 0 if and only if
E′′21,n(n) = 0 and E
′′2
0,n+1(n) = 0. Note that by Lemma 2.4, pn(F ) has the
desired property if and only if tn(F ) ⊗ Z/l = 0 if and only if t
(Z/l)
n (F ) = 0
(use Remark 1.1). By Proposition 4.1 this theorem is true for n = 2, 3. Thus
by induction we may assume that the theorem is true for lower cases.
By (7) and the induction step E′′2n+1,1(n) = 0 if and only if t
(Z/l)
n (F ) = 0.
By Lemmas 3.1 and 3.2 we have E′′21,n(n) = E
′′2
0,n+1(n) = 0 if and only
if the map Hm(GLn−1,Z/l)→Hm(GLn,Z/l) is injective for m = n and is
surjective for m = n+ 1. This completes the proof of the theorem. 
So it is convenient to make the following conjecture (which easily follows
from Conjecture 5.3 using Lemma 2.4).
Conjecture 3.5. Let F be algebraically closed. Then
pn(F )⊗ Z/l =
{
Z/l if n is odd
0 if n is even.
Remark 3.6. (i) By a theorem of Dupont and Sah Conjecture 3.5 is true for
n = 2 [3, App. A] and by lemma 2.5 it is also true for n = 3, 4.
(ii) Conjecture 3.5 is related very closely to a conjecture of Yagunov [18,
Conj. 0.2]. In [18] he defines certain pre-Bloch groups ϕn(F ) and conjectures
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that they are divisible. By Remark 2.3 and [18, Prop. 3.11], up to 2-torsion,
Conjecture 3.5 implies Conjecture 0.2 from [18].
In the rest of this section we prove certain results that support Conjecture
3.5. First a theorem due to Friedlander.
Theorem 3.7. Let Fq be the algebraic closure of the finite field Fq. Then
(i) Hi(GLn(Fq))→ Hi(GLn+1(Fq)) is isomorphism for i ≤ 2n − 1,
(ii) Hi(SLn(Fq))→ Hi(SLn+1(Fq)) is isomorphism for i ≤ 2n− 1.
Proof. See [4, Thm. 3]. 
Corollary 3.8. (i) Conjecture 3.5 is true for F = Fq.
(ii) Let n ≥ 3. Then tn(Fq) is a torsion divisible group. In particular
pn(Fq)⊗Q =
{
Q if n is odd
0 if n is even.
Proof. (i) By 2.5 we may assume n ≥ 4. The conjecture follows from Theo-
rems 3.7 and 3.4.
(ii) Again we may assume n ≥ 4. Look at the spectral sequence E1r,s(n) with
k = Q. Since F
∗
q is torsion,
E1r,s(n) =

Hs(GLn−r(Fq),Q) if 0 ≤ r ≤ n
Hs(GLn(Fq),Hn−1(Xn,Q)) if r = n+ 1
0 if r ≥ n+ 2.
Now by an easy analysis of this spectral sequence, using 3.7, we see that
pn(Fq) is torsion. The rest follows from Lemma 2.4. 
Corollary 3.9. Let char(F ) 6= 0. Then the following conditions are equiv-
alent
(i) pn(F )⊗ Z/l =
{
Z/l if n is odd
0 if n is even
for all n,
(ii) Hn(GLn−1,Z/l)
∼
−→ Hn(GLn,Z/l) for all n.
Proof. It is sufficient to prove that in part (i) of Theorem 3.4 the surjectivity
follows from the injectivity. If char(F ) = p 6= 0, then it contains a copy of
Fp. Consider the commutative diagram
Hn+1(GLn−1(Fp),Z/l) −→ Hn+1(GLn−1(F ),Z/l)y y
Hn+1(GLn(Fp),Z/l) −→ Hn+1(GLn(F ),Z/l)y y
Hn+1(GL(Fp),Z/l)
∼
−→ Hn+1(GL(F ),Z/l).
By 3.7 the left column maps are bijective. By a theorem of Suslin [14, Cor.
1] the bottom row map is bijective. Now the claim follows easily. 
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For a topological group G let BGtop be its classifying space with its un-
derlying topology and BG be its classifying space as a topological group
with discrete topology. By the functorial property of B we have a natural
map ψ : BG→ BGtop.
Conjecture 3.10 (Friedlander-Milnor Conjecture). Let G be a Lie group.
The canonical map ψ : BG→ BGtop induces isomorphism of homology and
cohomology with any finite abelian coefficient group.
See [7] and [12] for more information in this direction. Here is a strong
support for Conjecture 3.5.
Proposition 3.11. The following conditions are equivalent
(i) pn(C)⊗ Z/l =
{
Z/l if n is odd
0 if n is even
for all n,
(ii) Hn(GLn−1(C),Z/l)
∼
−→ Hn(GLn(C),Z/l) for all n,
(iii) Hn(BGLn−1(C),Z/l)
∼
−→ Hn(BGLn−1(C)
top,Z/l) for all n.
Proof. It is well-known that
GLn−1(C)→ GLn(C)→ GLn(C)/GLn−1(C)
is a fibration and GLn(C)/GLn−1(C) is (2n − 2)-connected [8, Thm. 3.15].
Hence πi(GLn−1(C))→ πi(GLn(C)) is injective if i ≤ 2n− 3 and surjective
if i ≤ 2n − 2 which imply that
πj(BGLn−1(C)
top)→ πj(BGLn(C)
top)
is injective if j ≤ 2n − 2 and surjective if j ≤ 2n − 1. Therefore
Hj(BGLn−1(C)
top,Z)→ Hj(BGLn(C)
top,Z)
is injective for j ≤ 2n− 2 and surjective for j ≤ 2n− 1 [13, Chap. 7, Sec. 5.
Thm. 9]. We call this topological stability.
Here we prove (i) ⇔ (ii). The proof of (ii) ⇔ (iii) is similar and easier.
(i) ⇒ (ii) This immediately follows from 3.4.
(ii ) ⇒ (i) By 3.4 it is sufficient to prove that
Hn+1(GLn−1(C),Z/l)→Hn+1(GLn(C),Z/l)
is surjective. For this we look at the following commutative diagram
Hn+1(BGLn−1(C),Z/l) −→ Hn+1(BGLn−1(C)top,Z/l)y y
Hn+1(BGLn(C),Z/l) −→ Hn+1(BGLn(C)
top,Z/l)y y
Hn+1(BGL(C),Z/l)
∼
−→ Hn+1(BGL(C)top,Z/l).
By a theorem of Suslin the last row is isomorphism [15, Cor. 4.8] and by
topological stability the column maps in the right are isomorphism for n ≥ 3.
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By a result of Milnor, for any Lie group G with a finite number of connected
components the map
Hi(BG,Z/l)→ Hi(BG
top,Z/l)
is always surjective [7, Thm. 1]. So the row maps of the diagram are
surjective. By (ii) and 3.3 the bottom column map in the left is isomorphism,
so the middle row map is isomorphism. All these imply that the first column
map in the left of the diagram is surjective. 
Remark 3.12. The original goal of Loday to introduce the higher pre-Bloch
groups in [5] was that it might help one to study Hn+1(GLn)/Hn+1(GLn−1),
which is motivated by the Bloch-Wigner exact sequence and also by a result
of Suslin which describes the quotient groupHn(GLn)/Hn(GLn−1) explicitly
[16, Thm. 3.4].
It is easy to define a natural map
̺n : Hn+1(GLn)/Hn+1(GLn−1)→ pn(F ).
This map can be constructed using exact sequence (2). From the short ex-
act sequence 0 → ∂1(C1(F
n)) → C0(F
n) → Z → 0 we get the connecting
homomorphism Hn+1(GLn)→ Hn(GLn, ∂1(C1(F
n))). Iterating this process
we get a homomorphism ηn : Hn+1(GLn) → tn(F ). Since the epimorphism
C0(F
n) → Z → 0 has a GLn−1-equivariant section m 7→ m(〈en〉), the re-
striction of ηn to Hn+1(GLn−1) is zero. Thus we obtain a homomorphism
Hn+1(GLn)/Hn+1(GLn−1)→ tn(F ).
The Composition of ηn with the map tn(F ) → pn(F ), constructed in the
previous section, gives us the map that we are looking for. This map also
can be constructed on the level of complexes. For details of this approach
see [18].
In the light of Conjecture 3.5, it is convenient to ask the following question.
Question. Let F be algebraically closed. Is Hn+1(GLn)/Hn+1(GLn−1) di-
visible?
By 3.7, the answer to this question is positive if F = Fq and in the next
section we show that the answer also is positive for n ≤ 4. Using Theorem
3.4 one can show that Conjecture 3.5 gives a positive answer to the above
question for n even (see the proof of 4.4(ii)).
4. Lower degree homology groups
Here we demonstrate that the equivalence conditions in Theorem 3.4 are
true for n ≤ 4. In this section we assume that F is algebraically closed,
unless we mention it.
Proposition 4.1. We have
(i) H2(GL1,Z/l)
∼
→ H2(GL2,Z/l) and 0 = H3(GL1,Z/l)։ H3(GL2,Z/l)
(ii) H3(GL2,Z/l)
∼
→ H3(GL3,Z/l) and H4(GL2,Z/l)։ H4(GL3,Z/l),
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(iii) H4(GL3,Z/l)
∼
→ H4(GL4,Z/l) and H5(GL3,Z/l)։ H5(GL4,Z/l),
(iv) H4(GL3)/H4(GL2) and H5(GL4)/H5(GL3) are divisible.
Proof. By Theorem 3.4, to proof (i), (ii) and (iii) it is sufficient to prove
that p2(F ) and p4(F ) are divisible and p3(F ) ⊗ Z/l = Z/l. Dupont and
Sah [3, Thm. 5.1] proved that p2(F ) is divisible. The rest follows from this
and Lemma 2.5. We should mention that to prove Lemma 2.5 we used the
main results of [10] and [11], which are difficult since are on an arbitrary
infinite field. The proof of those results has great simplification over an
algebraically closed field and homology with Z/l coefficient, for example the
proof of Lemmas 5.2, 5.3 and 5.4 in [11] are easy (some even trivial) as
H2i+1(F
∗,Z/l) = 0 for i ≥ 0.
(iv) Consider the following commutative diagram with exact rows
0→ H4(GL2)⊗ Z/l → H4(GL2,Z/l) → Tor
Z
1 (H3(GL2),Z/l) → 0y y y
0→ H4(GL3)⊗ Z/l → H4(GL3,Z/l) → Tor
Z
1 (H3(GL3),Z/l) → 0.
Since H3(GL3) ≃ H3(GL2) ⊕ K
M
3 (F ) [10, Cor. 5.5], and since K
M
i (F ) is
uniquely divisible for i ≥ 2 [1, 1.2], the right column map is isomorphism.
The middle column map is surjective by (ii). Thus the left column map is
surjective too. This shows that H4(GL3)/H4(GL2) is l-divisible. The proof
of divisibility of the group H5(GL4)/H5(GL3) is analogue and for this one
should use (iii) and [11, Cor.5.7]. 
Proposition 4.2. (i) H3(SL2,Z/l) = H3(SL3,Z/l) = 0, so H3(SL2) and
H3(SL3) are divisible,
(ii) H4(SL2,Z/l) ։ H4(SL3,Z/l)
∼
→ H4(SL4,Z/l) and H5(SL3,Z/l) ։
H5(SL4,Z/l),
(iii) H4(SL3)/H4(SL2) and H5(SL4)/H5(SL3) are divisible.
Proof. Since Hi(SL,Z/l) →֒ Hi(GL,Z/l) for all i, by homology stability
theorem 3.3 and Prop. 4.1(i) one gets H3(SL3,Z/l) = 0. The exact sequence
1→ SLn → GLn → F
∗ → 1
induces the Lyndon-Hochschild-Serre spectral sequence
nE
2
p,q = Hp(F
∗,Hq(SLn,Z/l))⇒ Hp+q(GLn,Z/l).
It is easy to see that Hq(SLn,Z/l) = 0 for q = 1, 2, thus nE2p,q = 0 for
q = 1, 2. Triviality of Hi(F
∗,Z/l) for i odd, implies that for p odd
nE
2
p,q = Hp(F
∗,Hq(SLn,Z/l)) = Hp(F
∗,Z/l)⊗Hq(SLn,Z/l) = 0.
Since the above exact sequence splits, nd
r
p,0 are trivial maps. Thus 2E
∞
0,3 =
2E
2
0,3 = H3(SL2,Z/l) = H3(GL2,Z/l) = 0, which imply 2E
2
2,3 = 0. So we
obtain the exact sequences
(8) 0→ H4(SL2,Z/l)→ H4(GL2,Z/l)→ H4(F
∗,Z/l)→ 0,
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(9) 2E
2
2,4 → H5(SL2,Z/l)→ H5(GL2,Z/l)→ 0.
With an analogue argument for nE
2
p,q, n = 3, 4, we obtain the exact se-
quences
(10) 0→ H4(SL3,Z/l)→ H4(GL3,Z/l)→ H4(F
∗,Z/l)→ 0,
(11) 3E
2
2,4 → H5(SL3,Z/l)→ H5(GL3,Z/l)→ 0,
(12) 0→ H4(SL4,Z/l)→ H4(GL4,Z/l)→ H4(F
∗,Z/l)→ 0,
(13) 4E
2
2,4 → H5(SL4,Z/l)→ H5(GL4,Z/l)→ 0.
If m ≤ n, then there is a natural map of spectral sequences
mE
2
p,q → nE
2
p,q.
Now the isomorphism H4(SL3,Z/l)
∼
→ H4(SL4,Z/l) can be deduced from
the natural map from exact sequence (10) to exact sequence (12) and the
corresponding result for GL in Proposition 4.1. This isomorphism implies
that 3E
2
2,4
∼
→ 4E
2
2,4. From this, 4.1(iii) and exact sequences (11) and (13)
we obtain the surjectivity H5(SL3,Z/l) ։ H5(SL4,Z/l). The proof of (iii)
is analogue to the case GL in 4.1(iv) using [10, Cor. 6.2] and [11, Prop.
5.8]. 
Here is a new case of the Friedlander-Milnor Conjecture.
Corollary 4.3. Let G = GL3(C) or SL3(C). Then for any finite abelian
groups A,
H4(BG,A)
∼
−→ H4(BG
top, A).
Proof. We may assume A = Z/l, where l is a prime. Now a similar argument
as in the proof of Proposition 3.11 using 4.1 and 4.2 will prove this claim. 
Corollary 4.4. Let n ≥ 3. Then
(i) H4(SLn,Z/l) ≃
{
0 if char(F )|l
Z/l if char(F ) ∤ l,
(ii) H4(SLn) is uniquely divisible.
Proof. We may assume that l is a prime. By a result of Suslin, the K-
theory of algebraically closed fields with finite coefficient, Ki(F,Z/l), does
not depend on the field and Ki(F,Z/l) is trivial if
(1) i is odd,
(2) i ≥ 1 when char(F ) = l 6= 0
(see [14] and [15, Cor. 3.13]). This implies that the group Hi(SL,Z/l) does
not depends on F and Hi(SL,Z/l) is trivial in the above cases (see [14, Cor.
1, Cor. 2]).
(i) To prove this claim it is sufficient to prove it for F = C. It is well-known
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that SLn(C), as a Lie group, is 2-connected and π3(SLn(C)) ≃ Z. This
implies that BSLn(C)top is 3-connected and π4(BSLn(C)top) ≃ Z. Therefore
H4(BSLn(C)
top,Z) ≃ Z.
From Cor. 4.3 we have
H4(SLn(C),Z/l) ≃ H4(BSLn(C),Z/l) ≃ H4(BSLn(C)
top,Z/l) ≃ Z/l.
(ii) The exact sequence 0 → Z
l.
→ Z → Z/l → 0 induces the long exact
sequence
· · · → H4(SL)
l.
→ H4(SL)→ H4(SL,Z/l)→ H3(SL)
l.
→ H3(SL)→ · · · .
For n ≥ 4 the claim follows from (i), the triviality of H5(SL,Z/l) (and of
H4(SL,Z/l) if char(F ) = l 6= 0) and the following fact
H3(SL) ≃ V ⊕
{
Q/Z if char(F ) = 0
Q/Z[1p ] if char(F ) = p 6= 0,
where V is a uniquely divisible group [17]. The case n = 3 follows from this
and the fact that H4(SL4) ≃ H4(SL3) ⊕K
M
4 (F ) [11, Prop. 5.8]. Note that
KM4 (F ) is uniquely divisible. 
Example 4.5. (i) Propositions 4.1 and 4.2 are true if F = R and 2 ∤ l.
Because then p2(R) is divisible [12, 2.14, 4.1(a)] and Hi(R∗,Z/l) = 0 for
i ≥ 1. For example, a similar argument as in the above shows that the
groups
H4(GL3(R))/H4(GL2(R)) and H5(GL4(R))/H5(GL3(R))
are l-divisible (see [10, Cor. 5.5], [11, Example 1]). The same is true if one
replaces GL with SL.
(ii) Corollary 4.4, homology stability theorem 3.3 and exact sequences
(10) and (12) imply that for n ≥ 3
H4(GLn,Z/l) ≃ Z/l ⊕H4(F
∗,Z/l) ≃ Z/l ⊕ Z/l.
Using 4.4 and [11, Cor. 5.7] it is easy to prove that H4(GLn) is uniquely
divisible for n ≥ 3.
5. Some generalizations
One can generalize Theorem 3.4 as follows;
Proposition 5.1. Let F be an infinite field and let k = Q or k = Z/l, l a
prime, such that KM2 (F )⊗ k = 0. Then the following are equivalent;
(i) For 3 ≤ m ≤ n the map Hm(GLm−1, k)→Hm(GLm, k) is injective and
the map Hm+1(GLm−1, k)→Hm+1(GLm, k) is surjective,
(ii) For 3 ≤ m ≤ n, the complex t
(k)
m−2(F ) → t
(k)
m (F ) → H1(F
∗, k) → 0 is
exact.
Proof. Clearly KMi (F ) ⊗ k = 0 for i ≥ 2. The proof is similar to the proof
of Theorem 3.4. We leave the details to the reader. 
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Example 5.2. Here are some examples of pairs of fields (F, k) such that
KM2 (F )⊗ k = 0:
(1) F any global field and k = Q (see [1]),
(2) F a perfect field of char(F ) = l 6= 0 and k = Z/l (see [1]),
(3) F algebraically closed and k = Z/l (see Sections 3 and 4),
(4) F a local field and k = Z/l, l ∤ |µ(F )| (see [6, Example 1.7]),
(5) F = R and k = Z/l, l 6= 2 (see [6, Example 1.6]),
(6) F = Fq and k any prime field. (see [6, Example 1.5])
(7) F = Q and k any prime field [2, Cor. 10.21].
To give more examples first we state a result of Milnor [6, §2].
Theorem. For every field F we have an exact sequence
0→ KMn+1(F )→ K
M
n+1(F (t))→
∐
P∈Spec(F [t])
KMn (F [t]/P )→ 0.
The following pairs of fields (F, k) with the desired property follow from
this theorem and the above cases;
(8) F = Fq(T ) or F = Fq(T ) and k = Q or k = Z/l, l 6= char(F ),
(9) F = E(t), E algebraically closed and k = Z/l,
(10) F = R(t) and k = Z/l, l 6= 2.
By Lemma 2.4, Conjecture 3.5 immediately follows from the following
conjecture.
Conjecture 5.3. Let n ≥ 3. Then t
(k)
n−2(F ) → t
(k)
n (F ) → H1(F
∗, k) → 0 is
exact.
By Lemma 2.5 this conjecture is true for n = 3, 4. By 3.8 it is also true
for the algebraic closure of a finite field when k is a prime field. We should
mention that the surjectivity of t
(k)
n (F )→ H1(F
∗, k) is proven in Section 2.
We have the following results analogue to Prop. 4.1.
Proposition 5.4. Let the pair (F, k) be as in Example 5.2. Then
(i) H3(GL2, k)
∼
→ H3(GL3, k) and H4(GL2, k)։ H4(GL3, k),
(ii) H4(GL3, k)
∼
→ H4(GL4, k) and H5(GL3, k)։ H5(GL4, k).
Proof. The proof is similar to the proof of 4.1 using 2.5 and 5.1. 
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